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This paper contain. a study of parsmetric osoillat’ons of &
circular conical shell freely supported along one edge., The derived
theoretical correlations are limited by tie results of the experiments

performed.

Let us coniider a thin-walled, circular, conical shell frealy
supportad aloug one edge and losded with external pressure p
dopsnding upon time t. We relate the median surface of the shell

to coordinates s and © as is shown in “{gure 1,

To investica e the parametiric oascillations of the shell we

resort to the oquations of Lagrange:

d X K (0 + )
de (60.1) 50«10 d ay

varvin K is the kinetic energy of mction of the systemy U internal

o (1)

i~3inkial energy of the s stem; YT the potential of external foroes;

»

.. derivative of the zensral eoordinate a, with respect to

t s,

Lot us undertake the determinati-n of K, U, and VI appearing
in the Lagrange equations.

For a thine-walled conical shell the intermal potential

energy U is expressed by the formular [1]:

.
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Herein u, v, w are the displacements of the point of
median surface of the shell, respectively, in the direction of

generatrix, the peripheral direction and the direction of the

normal,

Kinetlc energy of the shell is expressed by the following

evident correlation
o= S () (B e

The potential of sxternal forces we define as

MNe—{par
wherein dv is the slexent of change in vyolume circumscrived by the

median surface of the shell,

For a conical shell [2]:

[ dw
dl'-‘--.L[tni-v(q+t|,)—-—;’:°!.ll-—"-l—-’-“']'¢'°“
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Let us now consider the functions of displacemonts u, v,
and w by means of which we have expressed all the quantities

appearing in the equation of Lagrange,

A conic shell freely supported along one edge can undergo
diformation without elongation and shift of median surface. Let
us asswde that such a deformation i3 sustainad by the shell during
paramatric oscillationy, In such a case the functions of d.isplncuontl.

can be determined from the system of equations

e H(E () -
o e Lonet Sunes 125 L) 54 B+ e oo

a v du
e s ol ™

- = - ——aa

On solving this system approximately with an accuracy to-.

a? and taking into account that v = O with 5 = 87, we get [2]s

\
g My by, vy, Wt Wit Wy, m
cosxsine
wherein - _-“. % coen
cot « 3in &
» - —:—["—.I) COS & — 8 ;':LIE‘:].\..'
. @
wy =a(r—n)cosnd o
\]
u,--._';-(a—a,)(-c—z:‘—'- siot -O+co"nl)
. ? (s —costa¥ (s—u)
. o mige e LT st
herein a is an arbitrary free parameter,
The appearznce of tha deformed shell is shown in Fipure 2.
Disrlacements u, and w,, corresronding to the symmuetrical
farm of deformation, w will not calcul.te, s:nre with ths selected
fun-t ocns of diolacenents they have no effect on the cianzes of totential
and kinetic energy of the shell dur.ng paravetric oscillationa.
-~ 2.
~ ) -
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N Let us calculate K, U, and TT ., Uince it is sufficient te
>

s e mee W

wds =
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ket thy Slantisl Snld
it follows that u, and v, will appear only in the expression of

the potential of external forces,

On substitcting the function of displacements (8) 1a (3)

and inte Tating over the entire surface, we get

4]

—— e ot ———

K= P mems g - ozw+u'1(a+3‘l'.i) (-—"-) ™

After integratinn o” expression (2) we get

wherein UeU,+ T i‘ﬂ i 10y
L]
Xy v “:"' [(ul_ 1P Ik —2(n — 1) (a® — cns?a) ('__!*_)_‘
+';'""—'°‘")'("'T'r)*]}r(*+i) “—u)(n;:mo‘-)' (l-’{-)
3

With small angles A it is more corvenient to calculate U

by expanding X; to a series by power of (K-l).

. \
_ _ L Y
\,-x-(--—n'[’ TR LR LS S8 EYUIEN TR AL
1 (k--1)%(k + 9 A — ! —
+:_‘_ ":_*'_’ taas i “”"., coela) (1)

On intesrating the expression (L) with respact to (3 within

the limits from O to 237 and discarding the small terms, we geot

& ’
e N (12)

We will assume that the pulsation component of pressure varies
along the peneratrix in proportion to the variation of its statie
component, i.e., wos assume the following law of variations of

preassure losadin - the shel):

»= p.;m[t + :‘;% w)] (13)
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vherein A p is a quantity proportional to the amplitude of pressure

“ :

pulsstion.

Let us expand the function f (3) to a Taylor series by
(s - 83)
- — ]

J(8) e z 'l(':"]i)
R S
. In anch ‘s case on taking the interral, in ths expresaion (iz)

from 8; 1o 32; we got
o Y (- +0] oy

wherein

-
€
Xy -(u'-—-coc'c)l'z 53
[ O

We revert now to the Lagrange equation. In our case ﬂ;c
potential and kinetic energy of the shell depend only upon a
single free parameter a, which is the one we will take as the
general coordinate. Then on substituting the calculated valoes
of X, U, and [ 1in the equation of Lagrange, we get, after simple
transpositions, the final expression of the equation of parametric

oscillationa of the conic shell

: - -0 %
wharein &+ [ — ()]s
g = —= —
PP
3sintatgua’X, _
9' = vk — I OSSR IP(aY ¢ ,m.‘,(ﬂ' o) -

LN cose X,

P oFIa—w .

In particular, for a cylindrical snell

e LI [
b - rmg{Ad ¢ l-)-(’ ’

FAY{a% — ) [‘ L S —we

(17)
PP TR = .ﬂ'—]

~ -
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The a antit) € 15 called coefficient of pulsnt.lon.‘ The
coefficiant £Y , appearing in equation (15), i3 the frequency of
natyral asaillatinne af tha <ha)l, white el LE S L N L
vith the exyrission of the critieal presaure [2]; only n corresponding
to the minimum value of L1 ) generilly speaking, $s not equal to
the number of waves n corresponding to the minimum crid cal

presgure,

The derived equation of parmmetric oscillations of a conic

dhell is a differential aquation having a periodic coefficient of the

Mathieu type, which has been thoroughly investigated with \} (L) = sin {)t.

In this instance, in addition to the solution a « 0 which corresponds
to an uba-néo of transversal oscillations, it has also a solution

of tre forwm
s=ly)

With definite correlations betwesn the coafficients of the.
equation, the axponent 11 can have a positive real portion and in
such a case & is found to be increasing without bounds with time.
It is this instanc: which corresponds to a dynemic instability of

the shell,

Investiigation of the Mathieu equation shows that there exist
a number of regions of dynamic instability. With small values of the
paramester £ the boundaries of the first critical region are

dafined by the correlation [3)

WY1t to-mesel it Seotone (8

—_—
n

and the boundarios of the sacond by the correlaticn

——t ) —dmee— e m ea i oSS ——

qu—_l';ac
<ozt +—,;‘ ¢, (i

and so forth,

But as concerns shells, of substantial ixportarnce i. only

"
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the fives regicn of instability, sinoe the resonsnse sorresponding
to the sscond and the swbsequent regions is very diffiocult e
induce sven under labiratory conditions dus to the damping processes.

Prom formula (16) it is apparent that the shell hes an
infinite number of natural frequency values corresponding to the
different n. Therefore within sach critical region there exist

moreover an infinite number of dinamic instatility sones.

Fro~ thw nractical stsadpoint 1t may be of importance %o
know the boundaries of the dynamic instability sone determired
by the ‘owest ‘requency of natural ocscillations. In the instanes
of fastening of the conic shell considered herein, the lowest
frequen>y corresponds to n = ?, Figure 3 shows tle graph of
variation of rinimm frequenocies of natural osc:.llations o the
shell with p » 0, wherain on the axis of ordinates i3 plotted the

non-dimensional parameter

> -V

411 ths formulas derived in the present paper hold true also
in the case of shells subjected to the action of internal pressure;
only vhen they are ap 11 d must the minus sign which prec~des the
value of the ststic component «f p-egsure be replac-d with a

plus sign.

It is not difficult %0 see that the formulas for LI end p*
of a ring (1, 4] follow from the correlations derived in the
present paper:

26 2 _ 2 _
-an:"t(’—-(n;!-——:]).)(P'°P)) P‘-(u r}l)l_l (20)

For toe determination of the frequencies of naturel oscillations

~
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2, o . 0" r, = 2.9 ewg h = 0,015 cm

" The length of the shells was varied within the limits of

27 %0 15 omj p was made equal to sero,

Figure L shows on oscillogra= of the recorded parmmetric
oscillations of one of these shells { (X ~ 6°; r = L.175 emy

h - 0,015 om; { = 27 om).

The top curve is a sinusoid of alternating current having
a frejuency of SO cycles; the middle curve -- that 61‘ the variation
of pressure .. .saticn frequency -~ and the bottom curve is the

recovding of the shell oscillations,

The oscillosran shows clearly tlrat the shell paases from
induced o:cillations, of a frequency equal to that o” pressure
F~l2stion, to parametric oscillations of a frequenc: equal to

abo . ore half the frequeacy of pulsation,

In the graph (Figure 5) the results or experiments are
compared with the theoretical correlations calculated by msans of
the Zorwulas derived in the present paper; the frequency of natural
osci” {ations of the shell Is taken &s equal to the mean frequency

of the area of purametric resonance,

Received 11 June 1955
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